Sufficient low-frequency information is essential for full-waveform inversion to get the global optimal solution. Multi-scale envelope inversion was proposed using a new Fréchet derivative to invert the long-wavelength component of the model by directly using the low-frequency components contained in an envelope of seismic data. Although the new method can recover the main structure of the model, the inversion quality of the model bottom still needs to be improved. Reflection waveform inversion reduces the dependence of inversion on low-frequency and long-offset data by using travel-time information in reflected waves. However, when the underground medium contains strong contrast or the initial model is far away from the true model, it is hard to get reliable reference reflectors for the generation of reflected waves. Here, we propose a combination inversion algorithm, i.e., reflection multi-scale envelope inversion, to overcome the limitations of multi-scale envelope inversion and reflection waveform inversion. First, wavefield decomposition was introduced into the multiscale envelope inversion to improve the inversion quality of the long-wavelength components of the model. Then, after the initial model had been established to be accurate enough, migration and de-migration were introduced to achieve multi-scale reflection waveform inversion. The numerical results of the salt-layer model and the SEG/EAGE salt model verified the validity of the proposed approach and its potential.
I N T R O D U C T I O N
Full-waveform inversion (FWI) can invert the parameters' information on the subsurface by minimising the difference between the observed and synthetic data (Lailly 1983; Tarantola 1984a Tarantola , 1984b Tarantola , 1986 Pratt 1999; Virieux and Operto 2009) . Pure and accurate low-frequency information and long-offset data are the indispensable factors for the conventional FWI to be successful (Sirgue 2006 ). However, due to the limitations of data acquisition technology in exploration seismology, the low-frequency components of seismic data are often missing or contaminated by noise. In addition, data acquisition apertures are usually not too large. Various inversion methods have been proposed to reconstruct the missing lowfrequency components by using non-linear transformation, Reflection multi-scale envelope inversion 1259 inversion on the low-frequency components and the longoffset data (Mora 1989; Chavent, Clément and Gómez 1994; Xu et al. 2012a,b; Zhou, Amundsen and Zhang 2012; Tang et al. 2013; Wang et al. 2013a Wang et al. , 2016 Wang et al. 2013b; Brossier, Operto and Virieux 2015; Wang et al. 2015; Irabor and Warner 2016) . In order to facilitate the generation of reflected waves and improve the illumination quality, migration/de-migration was introduced into the RWI (Zhou et al. 2012) . In accordance with Mora (1989) , there are two kinds of components in the FWI: migration component and tomography component. These two components are coupled together, and FWI is often dominated by the migration component rather than the tomography component, which has a crucial role in the reconstruction of the long-wavelength component of the model. In order to decouple the two components, a wavefield decomposition method was introduced into the FWI (Tang et al. 2013; Wang et al. 2013a Wang et al. , 2016 Alkhalifah 2014 Alkhalifah , 2015 Wu and Alkhalifah 2014; Xie 2015) . However, the RWI also requires the long-wavelength component of the model to image the reference reflections (Wang et al. 2013b) , which means that the RWI also has the possibility of falling into the local minima especially in the case of a model with strong velocity contrast.
We combine multi-scale EI with RWI and propose a combination inversion algorithm, i.e., reflection multi-scale EI (RMSEI), to take the advantages of both methods: the longwavelength component of the model is reconstructed by the multi-scale envelope method, and RWI reconstructs the deep structure of the model and reduces the dependence of the inversion on long-offset data. This paper is divided into four sections. In the first section, we summarise the fundamental theory of multi-scale EI and analyse the difference and advantages compared with the traditional EI. In the second section, we briefly review the RWI. In the third section, we give the concrete details of the combination of these two methods. Finally, we use a salt-layer model and SEG/EAGE salt model to prove the effectiveness and validity of the proposed method.
M U L T I -S C A L E E N V E L O P E I N V E R S I O N
In order to use the information contained in seismic data more effectively, envelope inversion (EI) using the modulation convolution signal model was proposed where m is the model parameter; in the scalar acoustic equation, m is velocity v. y and u are the synthetic data and the observed data, e syn is the envelope of the synthetic data, and e obs is the envelope of the observed data. Subscript H is used to denote the Hilbert transformation. S and R are shot and receiver coordinates, T is the seismic recording time, and p is a scalar integer. Using the waveform Fréchet derivative, we can write the gradient of the EI as
syn Ey H (t)
where ∂ y ∂v is the waveform Fréchet derivative. In the numerical tests in the work of , p = 2 gives the best result; hence, in this paper, the default value for p is 2.
There are two shortcomings in the EI. The first one is aliasing of the low-and high-frequency information. We make forward modelling on the SEG/EAGE salt model ( Fig. 1) and select one trace seismic data ( Fig. 2(a) ). Figure 2( b) gives the spectra of the seismic data and its envelope. From the spectra, we can find that, in addition to low-frequency components (0-5 Hz), high-frequency components in the envelope data also accounted for a large proportion. In the fullwaveform inversion, we need ultralow frequency alone to reconstruct the large-scale structure of the model or the strong contrast. Therefore, we need a linear filter to separate the lowand high-frequency components of envelope data and introduce multi-scale inversion strategy to realise multi-scale envelope inversion (MSEI). We choose the time window-average function as the data functional
where W(t) is the Gaussian time window and W is the window width. We define the e W (y(t), t) as window-averaged envelope (WAE). Gaussian time window is a linear filter; using a different window width, we can get a different frequency band. When the window width W is large enough, the ultralow-frequency components of the envelope can be stripped from other frequency components. In Figs. 3 and 4, we show the curves and spectra of WAE with different window widths for the seismic data generated from the SEG/ EAGE salt model, respectively. In the MSEI using WAE, we define the new data residual as r e W (t) = e Wsyn (t) − e Wobs (t)
where e W indicates the WAE data. The misfit functional is
The sensitivity operator of the MSEI using the waveform Fréchet derivative can be written as 
The second shortcoming of conventional envelope inversion is using the waveform Fréchet derivative, which is applicable under weak scattering condition. When the velocity model has a strong contrast structure or the initial model is far away from the true model, the seismic data y(t) is extremely non-linear to model parameter v. Thus, the first-order linear approximation based on weak scattering conditions in conventional FWI will no longer be appropriate. On the other hand, the WAE data e Wsyn (t) is also very non-linear to the synthetic data y(t). Due to the application of chain rule in equation (6), the error caused by the first-order linear approximation in ∂ y ∂v will be amplified by
. Hence, we need to derive a new Fréchet derivative according to the characteristics of the WAE. In fact, the WAE can be regarded as energy pulse records that contain the coarse-scale perturbation information on the subsurface. In other words, the WAE has a better linear relationship with the model parameters; hence, the applicable conditions of the first-order linear approximation will be easier to meet. A new direct envelope Fréchet derivative was derived (Wu and Chen 2017a,b 
where ∂e Wsyn ∂v is the new envelope Fréchet derivative. In this paper, according to the object of the inversion, two kinds of virtual source operators are used. One is for volume scattering and another one is for boundary reflection (boundary scattering). Volume scattering is similar to the Born approximation for weak scattering. In the conventional FWI, we use the virtual source operator for volume scattering
where v 0 (x) is the background velocity and u 0 (x , t) is the local incident wavefield. Using the virtual source operator Q 0 and adjoint source method, the gradient function of conventional FWI can be written as
G is a Green's operator that represents the forward propagation process, and G * is the conjugate transpose of G representing the waveform backpropagation. For MSEI, the inversion object is the large-scale structure of the model. The virtual source operator for boundary scattering is more suitable
where g
= e W is the WAE Green's function, and it represents the incident energy packet from the source. Using the virtual source operator Q 0 (e W ) and adjoint source method, the gradient function for MSEI can be written as (see Wu and Chen 2017a,b )
is an amplitude Green's operator that represents the forward propagation process and G (e W ) * is the conjugate transpose of G (e W ) representing the energy backpropagation.
R E F L E C T I O N F U L L -W A V E F O R M I N V E R S I O N
In the reflection waveform inversion (RWI), the wavefield is decomposed into different components according to the transmission direction. There are several methods to do wavefield decomposition such as Poynting vector (Yoon and Marfurt 2006) , two Fourier transforms (Cao and Wu 2009; Wu and Alkhalifah 2014) , and 2D fast Fourier transform (2D FFT) (Liu et al. 2011) . These methods have advantages in terms of decomposition accuracy or efficiency. In this paper, we choose the 2D FFT, which is acceptable in terms of accuracy and efficiency for wavefield decompositioñ (t, z) and U z− (t, z) are the decomposed down-going and up-going wavefields. They are the inverse Fourier transform
U(t, z) is the wavefield of the time domain andŨ( f, k z ) is the 2D Fourier transform of U(t, z). U z+
respectively. Horizontal decomposition can be obtained in the same way (Liu et al. 2011) . Taking into account the sources and receivers placed on the model surface in our numerical experiments, in this paper, we use only the vertical decomposition and ignore the horizontal decomposition.
In the RWI, the source wavefield U S (forward wavefield) and residual wavefield U r (backward wavefield) are separated into two parts
where U + s is the direct forward wavefield, U − s is the reflected forward wavefield, U + r is the direct backward wavefield, and U − r is the reflected backward wavefield (Wang et al. 2016) . In the inversion, the gradient is obtained by zero-lag crosscorrelation with the forward wavefield and the backward wavefield; hence, the gradient g can be written as
In FWI, when the forward wavefield and the backward wavefield travel through the model in the same directions, they will generate the long-wavelength model update; the shortwavelength model will be updated when the forward wavefield and the backward wavefield travel through the model Table 1 The algorithm flow of reflection multi-scale envelope inversion Stage I: Multi-scale envelope inversion using wave decomposition
Step 1: Set an initial model m 0 .
Step 2: Set up the window width W. If W = 0, go to Step 7.
Step 3: Make decomposition on the window-averaged envelope of
and residual wavefield U (e W ) r .
Step 4: Calculate the short-wavelength gradient g
, update the short wavelength of model.
Step 5: Calculate the long-wavelength gradient g
, update the long wavelength of model.
Step 6: If the iteration termination condition is satisfied, go to
Step 2, or go to
Step 3, repeat all the iterations represented by Steps 3 to 6.
Step 7 Do traditional FWI, get the final inversion result. Stage II: Multi-scale reflection waveform inversion.
Step 1: Set up the window width W. If W = 0, go to Step 8.
Step 2: Do migration on the inversion result, get the reflectivity coefficient γ .
Step 3: Do de-migration using the reflectivity coefficient γ , get the reflection wavefield data.
Step 4: Make decomposition on the window-averaged envelope of source wavefield U (e W ) s and residual wavefield U (e W ) r .
Step 5: Calculate the short-wavelength gradient g
Step 6: Calculate the long-wavelength gradient g
Step 7: If the iteration termination condition is satisfied, go to
Step 1, or go to the Step 2, repeat all the iterations represented by Steps 2 to 6. Step 8: Do traditional reflection waveform inversion, get the final inversion result.
in the opposite directions (Tang et al. 2013) . In equation (14) 
In regular FWI, the model update is dominated by the short-wavelength model update. In order to improve the proportion of the long-wavelength model update, a weighting factor was introduced into the RWI (Mora 1988; Tang et al. 2013) . The weighting method adjusted the weighting factor according to the different models. In order to avoid the trivial validation test in the weighting method, the alternating iteration method (Irabor and Warner 2016; Wang et al. 2016) was proposed. First, the model is updated with the shortwavelength gradient to provide good reflection information; then, in the next iteration, we use the long-wavelength gradient to update the model to provide a good background velocity. Zhou et al. (2012) stated that the lack of reflection waves will cause the cycle-skipping problem in the waveform inversion. De-migration can use the migration image to generate the needed reflection waves for inversion and does not need sharp velocity boundaries. Another advantage of the introduction of the migration/de-migration is that it can be used to simulate two-sided illumination that is closer to the true illumination of wave propagation. Symes and Kern (1994) gave the method to realise the de-migration
where q, S and γ are, respectively, the incident wavefield, the source and the reflectivity coefficients obtained from the migration using the velocity model v and p is the reflection wavefield, which is the one that is needed. 
R E F L E C T I O N M U L T I -S C A L E E N V E L O P E I N V E R S I O N
Through the above discussion, we can find the advantages and disadvantages of multi-scale envelope inversion (MSEI) and reflection waveform inversion (RWI): on one side, the MSEI can significantly reduce the dependence on low-frequency information and the initial model. However, since the window-averaged envelope data lack polarity information, it takes a lot of iterations to get a good inversion effect. Furthermore, limited by the offset aperture, the inversion accuracy of the deep part of the model needs to be improved. On the other hand, although RWI can reduce the dependence on lowfrequency information and long-offset data, in order to obtain the accurate reflectivity information of the model, the background velocity model should be accurate enough for reflection imaging. Some authors proposed using zero offset data to get the model reflection interface. However, for the salt model that has strong velocity contrast, it is difficult to obtain the reflection information of the salt bottom and subsalt when there is not enough long-offset data and low-frequency information.
In this paper, we combine the multi-scale inversion with RWI and propose a new combination inversion method, i.e., reflection multi-scale envelope inversion (RMSEI). One advantage of this combination is that we can use MSEI to provide a more accurate initial model, which provides a good prerequisite for the generation of accurate reflection coefficients. Another advantage is that the RWI can improve the utilisation efficiency and quality of long-wavelength components in the MSEI and accelerate the inversion convergence rate and the inversion accuracy of the model bottom.
In order to illustrate our approach, we give the process of our algorithm. The algorithm can be divided into two stages. In the first stage, we set the width of the window W and then perform the wavefield decomposition to separate the long-wavelength component and short-wavelength component in the gradient After the gradient is decomposed, we use the alternating iterative method to update the model. Firstly, we update the model with the short-wavelength component of the gradient to provide the reflection interface; then in the next iteration, we use the gradient long-wavelength component to update the model, providing a good background velocity. When the iteration termination condition is satisfied
(where error(n) represents the least-square error of the misfit function after n iterations and ε is a positive number less than 1), we reduce the window width and start a new loop until the window width is reduced to zero. When the window width is reduced to zero, we use traditional FWI to update the model's high-frequency components and reconstruct the fine structure of the model. After the first stage of the inversion, we can get a relatively accurate initial model, in order to further improve the inversion quality of the model bottom structure, we start the second stage of the inversion. In the second stage, we use the inversion result of the first stage to do migration to obtain the accurate reflectivity information of the model and then obtain the forward modelling data (reflection data) by using de-migration. We then backpropagate the residual of the forward data and observed data to get the backward wavefield and then cross-correlate with the forward wavefield to obtain the gradient. In order to solve the large-scale inversion error of the model, we can also use the multi-scale envelope data to do multi-scale RWI. In order to see the implementation of the method, we show the algorithm flow in Table 1 .
N U M E R I C A L E X P E R I M E N T S Layer model test
First, we use a simple salt-layer model to test the effectiveness of the method. The test model exhibits a salt body beneath a salt layer, as shown in Fig. 5 . The initial model (Fig. 6) is a 1D linear model with the velocity increasing from 3000 to 5000 m/s evenly with depth (the first 250 m of the initial model is same as that of the true model). There are 80 shots distributed along the model surface at intervals of 100 m. For each shot, we use 320 receivers, and the interval between receivers is 25 m. In order to test the inversion effect of the new method when seismic source lacks low-frequency components, the source is a low-cut Ricker wavelet, for which the frequency components below 4 Hz are truncated. The dominant frequency of the source is 8 Hz.
In order to compare the inversion ability of the different inversion methods to the salt-layer model, we first compare the gradients of various inversion methods: gradient of FWI ( Fig. 7(a) ), short-wavelength gradient of the RWI (Fig.  7(b) ), long-wavelength gradient of the RWI (Fig. 7(c) ), traditional envelope inversion (EI) (Fig. 7(d) ), multi-scale envelope inversion (MSEI) with window width of 300 ms (Fig. 7(e) ), reflection multi-scale envelope inversion (RMSEI) with window width of 300 ms, the short-wavelength gradient (Fig. 7(f) ), and the long-wavelength part (Fig. 7(g) ). From the traditional full-waveform inversion to the MSEI, with the increase of the low-frequency component, the model update in the gradient gradually penetrates the bottom of the model. In the RMSEI, although the depth of the short-wavelength gradient is shallower than the long-wavelength gradient, the position of the reflective interface is more accurate than that of the latter. According to the gradient, it is not difficult to infer the corresponding inversion results. For comparison, we first show the final inversion result of conventional FWI in Fig. 8 . As we can see, after 50 iterations, the traditional FWI can only recover the shallow part of the salt due to lack of lowfrequency information. Compared with the traditional FWI, Figure 18 The final inversion result of MSEI. RWI inversion accuracy has been greatly improved using same iteration number (Fig. 9) , showing the effectiveness of the method. The traditional envelope inversion result (iteration number is 20) is shown in Fig. 10(a) , where we can find that only the shallow part of the model has been updated. Fig. 10(b) is the inversion result of EI+ FWI (iteration number is 50), in which the initial model is the inversion result of EI and there is not much improvement compared with the traditional FWI. We also give the MSEI result (total iteration number is 30) in Fig. 11(a) , in which the upper salt layer has been basically reconstructed but the salt body underneath the salt layer has not been well-reconstructed. Taking Fig. 11(a) as an initial model to do traditional FWI, we get the inversion result of the MSEI+FWI (Fig. 11(b) ). The boundary of the upper salt layer has been precisely reconstructed, but the salt body underneath fails to be inverted due to the limitation of the offset aperture. Figure 12(a) is the RMSEI inversion result (total iteration number is 20), where both the salt layer and salt body have been well reconstructed. Not only Fig. 20(b) . the boundary but also the left and right boundaries of the salt body have been well reconstructed. Finally, using the conventional FWI to do inversion, the iteration number is 50, the result is in Fig. 12(b) , and the boundary of the salt body Figure 21 (a) Gradient of the reflection envelope inversion, the initial model is Fig. 20(c) ; inversion result of reflection envelope inversion, the initial model is Fig. 20(c) . is accurately reconstructed. In view of the inversion quality of the model bottom, there is no need for the stage II inversion. To clearly show the difference of inversion results among the RWI, MSEI, and RMSEI, we select two velocity profiles from the velocity model, which are located at distances of 1.25 km ( Fig. 13(a) ) and 4.0 km (Fig. 13(b) ). 
SEG/EAGE model
In order to test the inversion effect of the new method on models with strong contrast and complex structure, we apply the method to the SEG/EAGE salt model (Fig. 1) . We use the linear gradient model (Fig. 14) as the initial model. There are 128 shots distributed along the model surface at intervals of 120 m. For each shot, we use 645 receivers with intervals of 24 m. We use the Ricker wavelet as the source in the test (cut from 4 Hz below). The dominant frequency of the source is 9 Hz.
As a comparison, we first give the results of the traditional envelope inversion method. Figure 15 is the result of traditional FWI (iteration number is 100). Figure 16(a) is the result of traditional envelope inversion (EI) (iteration number is 20). Because of the highly nonlinear nature of the adjoint source, only shallow layers of the model are updated; hence, the boundary of salt dome cannot be seen in the inversion result. Taking the envelope inversion result as the initial model, Fig. 16(b) is the EI+FWI inversion result (iteration number is 100). Compared with the inversion results using traditional full-waveform inversion method alone, there is not much improvement in the inversion effect. In Fig. 17 , we give the short-wavelength gradient of the RWI (Fig. 17(a) ) and the long-wavelength gradient of the RWI (Fig. 17(b) ), and then we give the inversion result of the RWI (Fig. 17(c) ). Although the accuracy of inversion is much higher than that of traditional FWI and EI, due to the lack of low-frequency data and the absence of good reflection events from the salt bottom, only the shallow part of the salt body was reconstructed.
We then show the inversion results of multi-scale envelope. In the MSEI, three window widths are used in succession, i.e., 300, 150, and 50 ms, and the number of iterations is 20, 30, and 50, respectively. The inversion result obtained by the previous window width is used as the initial model of the next window width. Three loops are made to improve the inversion quality (each loop consists of iterations with different window lengths). In the final inversion result (Fig. 18) , the boundary of the salt body is sharp and the velocity of the salt is well defined, but the deep salt structure is not reconstructed, and there are also some artificial artefacts in the subsalt region.
In the RMSEI, due to the low wavenumber component provided by the wavefield decomposition, we do not need too many windows and too large window width; two windows are applied to the inversion, i.e., 150 and 50 ms, and the number of iterations is 30 and 50, respectively. Before giving the inversion result, we first show the gradient of the multi-scale envelope inversion (Fig. 19(a) ), the long-wavelength gradient ( Fig. 19(b) ), and short-wavelength gradient (Fig. 19(c) ) of the reflection multi-scale envelope with the linear gradient model as the initial model, and the window width is 150 ms. By comparing these three gradients, it can be seen that the short-wavelength component is the principal component in the gradient of the MSEI. This is to be expected since the gradient of MSEI is based on the information from the reflected waves. The use of wavefield decomposition can help us extend the long-wavelength component to reconstruct the large-scale structure of the model.
The inversion results of window widths 150 and 50 ms are shown in Figs. 20(a) and 20(b), respectively. We then use the inversion result in Fig. 20(b) as the initial model to do traditional FWI (Fig. 20(c) ). In order to remove the artefacts of the subsalt, stage II of the inversion is done by using the inversion results of the first stage as the initial model. Figure 21(a) is the gradient of the reflection envelope inversion, and Fig. 21(b) is the inversion result. Taking Fig. 21(b) as the initial model, Fig. 22(a) is the gradient of the traditional reflection waveform inversion and Fig. 22(b) is the inversion Figure 25 The inversion result of RMSEI with noise data. result (the iteration number is 100). The artificial noise in the subsalt is partially eliminated, and the velocity of the salt body is closer to the true model. Two velocity profiles from the velocity model which are located at distances of 8.52 km (Fig. 23(a) ) and 11.4 km (Fig. 23(b) ) are selected to show the difference of inversion results among the RWI, MSEI, and RMSEI.
Due to the envelope's anti-noise capability (Luo and Wu 2015) and the smoothness characteristic of the window average function, multi-scale envelope inversion method has antinoise ability. In order to test the sensitivity of the multi-scale envelope inversion to Gaussian noise, we perform inversion of seismic data containing Gaussian noise. In Fig. 24 , we give two shot profiles from the SEG/EAGE salt model. Figure 24(a) is the original shot profile without noise, and Fig. 24(b) is the shot profile with Gaussian noise; the SNR is 1 (SNR = log10(signal power/noise power)). Figure 25 is the inversion result of RMSEI. From the inversion result, we can see that there is no significant difference between the clean data and noise data inversion result except for some details.
C O N C L U S I O N
Multi-scale envelope inversion using a new envelope Fréchet derivative provides us with an effective way to circumvent the non-linearity between the wavefield and medium parameters, so that the initial model dependence and cycle-skipping problem of the full-waveform inversion are significantly reduced. A new combination inversion method is proposed: reflection multi-scale envelope inversion (RMSEI) to further improve the multi-scale envelope inversion. In the RMSEI, wavefield decomposition is used to separate the long-wavelength component in the gradient from the short-wavelength component to give efficient reconstruction of the long-wavelength components of the model. By means of alternating iterative strategies, both short-and long-wavelength gradients play positive roles in the inversion. After the basic salt model has been established, migration/de-migration is introduced to facilitate the generation of reflection waves and improve the illumination quality. Numerical experiments show that migration/demigration is helpful in improving the inversion quality of the salt bottom and removing the inversion artefacts in the subsalt. Preliminary numerical tests of a model with a reflector beneath a salt layer and the SEG/EAGE salt model showed some promising results. Further work is needed for method development and for improving the subsalt inversion.
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